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This paper presents an analytical evaluation of unsteady aerodynamic forces and dynamic
response of a flexible airplane to continuous turbulence in supersonic flight by applying the
power-spectral-density (PSD) method. A brief explanation of differences in observed up-
washes arising from the elastic and the gust oscillations is given. The aerodynamiecs for super-
sonic flight is deseribed in terms of lifting-surface theory represented by a linear integral equa-
tion. The development is carried out for an airplane with coplanar wings of arbitrary plan-
form subjected to a random vertical turbulence description. By applying the box technique,
the aerodynamiec influence coeflicients are obtained for the combined elastic response and
gust excitation velocity potential, which in turn determines the aerodynamic loads and the
generalized forces. Choosing the flexible modes as the natural modes of the free-free air-
plane vibration, the frequency response functions are then determined. The interpretation of
statistical results and the definition of parameters obtained by the PSD method, which are
useful for design purposes, are discussed. The method of calculating the gust excitation

forces and response of a flexible airplane is demonstrated by numerical examples.

Nomenclature
A = integration area
Amom = area of box, m,n
Aivo = magnitude factor of 7th mode
bmn = chordwise dimension of box, m,n
be = chordwise dimension of Mach box
b, = reference length such as box chordwise dimension
or wing semi-spati
C = damping-force coeflicient
F, = gust-force coefficient
gi = structure damping factor of 7th mode
H = frequency response function
K = stiffness-force coefficient
kr = reduced frequency wb,/U”
L = scale of turbulence
M = Mach number
M = inertia force coeflicient
M; = generalized mass for 7th mode
= pressure
@Q: = generalized force
q = dynamic pressure
Qs = generalized coordinate
Th = hyperbolic radius [(x — £)2 — 8%y — »)jV?
S = wing area
{ = time
U = uniform flow speed or airplane speed
w = upwash
w, = gust vertical velocity
x, Y,z = longitudinal, lateral, and vertical axes
zi(z,y) = ith mode shape
2(x,y,t0) = displacement of point (x,y) at time { under gust
frequency w -
= (M2 — 1)

= air densily

= rms value or standard deviation

= PSD and velocity potential

= circular frequency and gust input frequency
= natural frequency of ¢th mode

coordinate in z axis
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7 = coordinate in y axis

Q = gpatial frequency of turbulence, 2 =/
A = wavelength of turbulence

{1 = column matrix

[ ] = rectangular matrix

Subscripts

D = diaphragm

7 = 7th mode

l = lower surface and leading edge

0 = non-time-dependent quantity, and output
¢ = trailing edge

u = upper surface

© = uniform flow condition

Superseripts

E = structure term

G = gust or turbulence

m,mn = value of box mn

 )* = Hermitian matrix

(G = derivative w.r.t. spatial frequency
) = dimensionless quantity

Introduction

ONTRARY to some earlier predictions, the existence of
clear-air turbulence at altitudes above 50,000 ft, the
cruising regime of supersonic aireraft, has been firmly estab-
lished by recent WU-2 flights conducted by the Air Force.
The supersonic aircraft, being characterized by low aspect-
ratio, highly swept wings mounted on long flexible fuselage,
must operate in this environment. Therefore, the need be-
comes apparent to investigate the respouse of the super-
sonic aireraft to continuous turbulence and evaluate its effect
upon design loads, fatigue life, handling qualities, and crew
and passenger comfort.

A description of continuous atmospheric turbulence for
current jet-transport cruise altitudes has been extensively
reported in the literature. 'This deseription contains mea-
sured gust power spectra for clear-air and storm turbulence
and the statistical distribution of root-mean-square (rms)
gust intensity for various altitudes from sea level to as high
a5 75,000 ft.
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The difficulties encountered in the analysis of the response
of flexible airplanes to continuous turbulence are the effects
caused by the pilot, autopilot, and stability augmentation
systems.  Although this paper does not include these effects,
it is worthwhile noticing their importance for future con-
sideration.

In the development that follows, a statistical description
of atmospheric turbulence is assumed to have been estab-
lished for the supersonic aireraft cruising-altitude range.
The aerodynamies for supersonic flight is written in terms of
lifting-surface theory represented by a linear integral equa-
tion.! The computation is carried out for aireraft with co-
planar wings of arbitrary planform subjected to a random
vertical turbulence description that accounts for random-
ness in space along the flight path. The total turbulence
field is represented at a point on the lifting surface by the
superposition of an infinife number of elementary waves of
upwash velocities. In essence, these elementary waves arc
representative of the entire range of wavelength and
orientation. The phase relation between the gust excita-
tion forces and the elastic response forces is then discussed
by applying the gust orientation angle.

The integral cquation based on linear perturbation theory
is arranged to solve for the combined elastic response and
gust excitation velocity potential at a point by applyving the
box technique, which assumes that the upwash inside the box
is constant. TUtilization of the velocity potential deter-
mines the aerodynamic loads on the wing from which the
generalized forces due to elastic response and gust excitation
are computed. Choosing the flexible modes as the natural
modes for the free-free airplane vibration, the frequency
response function is then derived. The response spectrum
of the structure is determined from the frequency response
funection and the turbulence spectrum.

The method of caleulating the gust excitation forces and
the airplane response is demonstrated by two numerical
examples for supersonic aireraft flying at speeds of I, =
2.5 and 2.7 and cruising altitudes = 65,000 and 61,000 ft,
respectively.

Analysis of Supersonic Aerodynamic Forees

Upwash on the Elastic Structure under the Gust

The upwash pattern on the wings, which are subjected to
the atmospheric turbulence field, is obtained by the super-
position of an infinite number of elementary waves of up-
wash velocities. Each gust component undergoes harmonic
motion with the amplitude remaining invariant along the
uniform streamwise direction (provided that the gust is
one-dimensional and homogeneous), but whose phase is varied
by Q(z, — z,) at the relative streamwise position of points I
and Q( see Fig. 1). Conversely, the upwash velocities associ-
ated with the elastic deformation in the uniform flow 3, at
P and @ are only different in their amplitudes but are in
phase for the same mode. In the case of the elastic mode,
certain points do not feel any deformation, ie., the nodal
points exist. However, the nodal points never exist for the
gust input case. Thus, the resultant upwash at the wing
surface due to the superposition of the gust field and struc-
tural response is given by

0z(x,y,t)

0z(,y,1)
ot

+ U - o0

wz,y,tw) = +

W, o(w) expliw(t — r—a

W

where the wing clastic deformation is expressed by
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Fig. 1 Upwash os-

cillations due to gust

and elastic oscilla-
tions.

DEFORMATION ALONG STREAMWISE
SECTION IN 1-ST TORSION MODE

and wa/U = Qa = initial gust orientation angle at ¢ = 0 and
z = 0.

Perturbation Potential of Elastic Structure under
the Gust in Supersonic Flight

The surface perturbation potential at the point (x,y,0+) of
the wing in supersonic flow is obtained by integrating over
the dis’_curbed region bounded by the forward Mach lines
emanating from that point. In the case of simple harmonie
motion of a planar-form lifting surface, the up-surface po-
tential at (2,y) is related to the complex upwash at (Em) by
the following integral equation’:

. eiwt
@O(x’y)emt = -2«
e
E "
wolEmiw)expl—i 766: (@ — &] cos é[;’ -
ffA ™ didy  (3)

where 4 = area bounded by the forward Mach lines emanat-
ing from a point (2,y,04) and intersccting the wing lead-
ing edges (if supersonic L.E.) or the foremost wing nose
Mach lines (if subsonic L.E.).

Applying the box technique, in which the upwash intensity
1s assumed to be constant inside the box, the potential differ-
ence at the center of box (m,n) denoted as A®(z.,y,.) may be
written symbolically as

A(I)O(xmyy") = ¢1L<.)Jm7y,,> - q>l(xm1y")
2
= — =20 2 wlEm) X
L

e M o? = Mo,
B (Tm — S):l cosk U— Ta

expl:—— 2
B 8
b’f f Al 5 dedn

C;ﬁ

4

where

C;z = complex velocity influence coefficient which depends
on gust frequency w, flight Mach number M., and
relative location of “sending’” and *‘receiving’” boxes
on wings

n — v, m — u, respectively

x/b,, £/b,, respectively, ete.

I
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Substitution of Egs. (1) and (2) into Eq. (4) yields the
velocity potential difference due to the jth elastic mode,

Aq)jE(xm;yn) = _bﬂ_r R Z Z {b, a—-—,zj(;:;,yﬁ) 4
¥R
N1
elastic slope

ikrzf(xwy#) } O" g]i) (5)

elastic deflection

Similarly, the velocity potential difference due to the gust
input is

AP (2,0 100) = (b,/8) Uetle’®® x

reference phase angle

>3 {br costiz, + ik, (=sinQz,) Cra Wi (6)

7 i br krr CT
v .
pseudo wing  pseudo wing
slope deflection

Boundary Conditions

The boundary conditions for wing edges are classified as
the following (see Fig. 2).

1) Purely supersonic leading-edge condition: The non-
communicative character between the upper and lower sur-
faces does not cause any complexity.

2) Mixed supersonic leading-edge condition: To treat
the case of a wing with a mixed supersonic leading edge, the
Evvard concept is applied. In this conecept, diaphragms of
unknown upwashes are added to the given wing.! The off-
wing diaphragm, which covers the region between the fore-
most Mach lines of the wing and the subsonic leading edge,
results in a combined wing including the diaphragm plan-
form area, which has completely supersonic edge. The up-
wash of the diaphragm, which is determined by applying the
condition of zero velocity potential difference at the point,
creates an additional contribution to the pressure at any
point on the wing surface. Thus, for the diaphragm,

AD (T = 2o 2 wo(2,,4,)Csz = 0
7B
From this, the upwash at the diaphragm is

20 2 Compn—r 0T
u

v
rEMmM puFEn

wl)(xm;yn> = C..
where the summation is performed for the region which is
bounded by the forward Mach lines from a point (Zm,Y.)
and the foremost wing nose Mach lines.
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3) Between wing area and wing wake effect: For the
wing wake area, we impose the following first-order approach.
By analogy to the subsonic leading-edge area, there are no
panels to support a pressure difference in the wing wake.
Thus in the wake just after the trailing-edge area

DA AP | DAD

AP = Po W or E’ —‘— U “67 =0 (7)

The potential at z,, in the wake area is related to the just-after
trailing edge by

AD(rwy,0,8) = AP[zyy, 0t — (20 — 24/ U] ®)
Assuming a sinusoidally varying potential in the wake, the
solution of differential equation (7) becomes

AD(z,y,0,t;0) = AP(x,y,0) exp [— 1k, %‘% itjl et (9)

Therefore, the problems for a sinusoidal gust input are well-
posed and may be uniquely solved.
Aerodynamic Forces Due to Gust Input

The pressure difference at station (z,) and at time (£) is
obtained from a linear superposition of both the elastic and
gust potential contributions,

ol o o]
AI)E 1) = . el 7 2 . . —
(x,y,050) ; [ (at + U bx) AD;(x,y;t)

b toger 5o (i, + 0, 2 ) By “ (10)
P B / %: r r o i\L,Y 5 br
and

o] 0
AP (x,y,0t) = po | = U = ) A®G(x,y;t) =
o) = oo (& + U 2) avtea)

b. N 0\ =, W

4]87 pw,\b 231?16“” (Zkr + br 5]’)) A‘b('(l)y)t) %_ (11)

Reference phase angle
Thus, the lift due to gust input (gust excitation force)
is only rotated around the origin by the amount of reference
phase angle Qa.
Generalized Forces Due to Gust Input

The generalized force over an area A(m,n) due to de-
formation in ith elastic mode and loading for the jth mode is
Quaorr = [ 0w AP e g)de dy ~
AQm,n)

1 2 _—
5 007 2 L ihon a5 o) +

b, — e
Zim'n(xy.}/){ A(ﬁj,om'n(l’:y)}rl t— brA(bJ',om'n(xay) X

bmn
bzf(x,y)”v”] ),

ox b, (12)

Similarly, the generalized force due to deformation in ¢th
elastic mode and loading for gust excitation is

Qiyg, ™t = ffA(mm)zi(x;y) APy, (xy)dx dy (13)

which can be expanded to the similar form of Eq. (12) where
AD; ,mn and a4 ,/b. are respectively replaced by AP, ,m»
and W,,/U. Tor the area A(m,n), we choose the equally
divided box area shown in Fig. 3. If the Mach box, which is
a rectangle with diagonals parallel to the Mach lines, is
chosen for the box element, the area of A (m,n) becomes

A(mn) = bnn?/B = b*/B



MARCH-APRIL 1968

The generalized forces are, therefore, represented in terms
of the rigid and elastic airplane responses and the gust excita-
tion, respectively.

The total generalized force due to the loading for the elastic
mode becomes

Qisol@) = 20 2 Qupom(e) (14)
m

Similarly, the total generalized force due to loading for the
gust excitation is

Qioolw) = 25 25 Qugomn(w) (15)

Here the summation is carried out over the lifting surfaces
only.

Airplane Response to Continuous Turbulence

Frequency Response Function

The equations of motion are conveniently formulated from
Lagrange’s equations by the modal approach. The structure
deformation of the airplane is expressed by Eq. (2). The
forces acting on the airplane structure arc the structural
internal forces, acrodynamic response forces, and gust
excitation forces.

With the flexible modes chosen to be the natural modes
of the free-free airplane vibration, the equations of motion
become the following N simultaneous equations in matrix
form:

[er[i{wg - 1+ igi)‘*’ﬁ}] llg,o =

G0 0. Wﬂ 1

[Q1’,7‘.o]{

Solving for a;., the frequency response function is then de-
rived in the following form:

Hi{w) = lim {“—@} =

Wouos U—1 b
([b l[ (l)" - (1 + lg,,)w:, }] - [Q?’,,j,u])_l{Q[,y,a} (17)

where Q;; .(w) and @;,, ,(w) are the elastic response and gust
excitation generalized forces due to unit elastic deformation
and unit gust angle, respeetively, and are obtained from Eqs.
(14) and (15).

Response Loads in the Airplane Structure

Several quantities that define various aspects of the air-
plane response can be developed from the solution of equa-
tions of motion. The frequency response functions can be
used to define either the deterministic or the statistical
characteristics of the structural response.

Loads at selected clastic axis stations on the airplane are
derived by transforming the generalized inertia, damping,
and stiffness forces used in the equations of motion into
shears, bending moments, and torques for unit deflections of
the generalized coordinates. These coefficients are then
multiplied by the generalized coordinate {requency response
to give the frequency responses of the loads. The set of
load equations is written in the following matrix form:

{Lie« = [Tg} + [Cla} + R} + {Fofe (18)

™0

Fig. 3 Dimensions
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Fig. 4 Orientation of gust force.

Since the airplane system is linear, the following simple rela-
tion exists between the spectrum of an input disturbance and
the spectrum of the system response:

Bo(Q) = B:(Q) HEQ)-H*(Q) = ®.(Q) HO®)?  (19)

The spectral density defines several statistical quantities
of intercst. The standard deviations of the airplane re-
sponse quantities are obtained by integrating the spectral
density over the range of frequency values,

- [ 2@ 20)

oyt = ﬁ)” 0%, (Q) dQ @1

Similar relations define the other standard deviations and
the statistical correlations hetween any two response quan-
tities. One form of the PSD function of atmospheric tur-
bulence is represented by

Lo,* 1 + (2.6667)(1.339L%)?

®@) = {1+ (1.339LQ)2 1176

(22)

The foregoing analysis of airplane response to atmospheric
turbulence considers various response loads, stresses, and
accelerations on an individual basis. However, when the
airplane encounters atmospheric turbulence, these quanti-
ties result simultanecusly as interrelated random events.
The values of two or more loads should then be considered
by the proper statistical combination. In order to provide
acceptable approaches from the standpoint of combined
statistical requirements, the preceding analysis can easily
be extended to determine the combined loads or stresses at a
specific point in the structure.2—?

Numerical Examples

Two numerical examples that demonstrate the application
of this method are given.  First, the method of calculating the
gust excitation force is demonstrated for a hypothetical
supersonic wing and tail flying at a speed of M, = 2.5 and a
cruising altitude = 65,000 ft.- The main wing is a 20°
untapered, swepthack wirg with an aspect ratio of 1.5. The
horizontal stabilizer has the leading edge sweptback 25°
and has an aspect ratio of 1.3045.

Figure 4 shows the resultant gust excitation forces on
main wing due to different gust reference phase angles Qa.
The gust spatial frequency is held constant at @ = 0.01
rad/ft. As predicted in the foregoing analysis, the resultant
gust excitation forces are constant in magnitude and are
only rotated around the origin by the amount of initial
phase angle Qa. Therefore, for the problem of dynamic
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Fig. 5 Gust excitation force vs gust frequency.

gust response, we may simply choose Q& = 0. Thus, the
phase angles of the responses of the elastic and rigid general-
ized coordinates will be referenced to the sinusoidal gust
excitation vector located at x = 0. The resultant excita-
tion forces on main wing due to the variation of gust fre-
quency for a fixed-orientation phase angle Qa = 0 are shown
in Figs. 5,6, and 7.
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Fig. 6 Wing aerodynamic load vs gust frequency.

The lift distribution, which is the real part of loads, on the
main wing and stabilizer is shown in Fig. 8, for a constant gust
frequency € = 0.01 rad/ft and Q¢ = 0. A comparison is
made for the stabilizer without the aerodynamic coupling
with the main wing under the same gust environment. These
results are shown in the dotted line. A certain variation
from the wing-coupled case is observed. However, the dif-

180 M, =25
[ \ ALT =65,000 FT
LIMIT AS A=0
120
7] 4 x OVERALL WING CHORD = 247 FT
w
a
w
-
2 |0
z GUST WAVE LENGTH, X (FT)
w 10,472 314y 157
2 . B
Tlo 6 w03 2 4 102 21 4 107!
L 1 L A 1 {; Il 1
i
GUST REDUCED FREQUENCY, 1 {RAD/FT)
B
60

Fig. 7 Phase angle of gust vs gust frequency.
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Fig. 8 Real part of pressure due to gust.

ference in the total loads on stabilizer between the two cases
is not substantial. The pressure distribution caused by
the main wing is varied by the relative location of two wing
and stabilizer, their geometries, and gust frequency. Assess-
ment of the design loads on the stabilizer due to gust excita-
tion is obtained by taking account of the aerodynamic in-
fluence of both wing and fuselage.

The second numerical example demonstrates the use of
this method of gust representation in the power spectral
analysis of a large, flexible, supersonic transport. The plan-
form of the airplane analyzed is outlined in Fig. 9. The
analysis considers a medium weight cruise configuration with
a wing sweep of 72° and flying at an altitude of 61,000 ft
and Mach number of 2.7. The dynamic analysis examines
six degrees of freedom: the first four symmetric free-free
modes plus rigid body vertical translation and pitch. Loads
and accelerations are calculated using the gust spectrum of
Eq. (22) with a scale of turbulence of 2500 ft. The spectral
densities of the bending moment and torque at the wing
pivot station are shown in Fig. 10. The effects of the air-
plane short period and flexible modes are evident, except that
the effect of the first flexible mode is absent at this location.
The spectral density of the vertical acceleration of the airplane
c.g. station is shown in Fig. 11. The corresponding standard
deviation (rms level) is 0.00638¢’s. This figure clearly indi-
cates the effects of the short period and the flexible modes
on the acceleration level.

The acceleration calculation is repeated for an uncoupled
case, where the aerodynamic effects of the wing upon the
stabilizer are ignored. Thus, the wing and stabilizer are
represented separately. No correction factor for wing down-
wash is used other than to assure that the gust excitation
forces are consistently phased. The resulting spectral density
for the airplane c.g. acceleration is also shown in Fig. 11.
The corresponding rms level is 0.0095¢’s.

The comparison demonstrates the very significant differ-
ence in acceleration levels that would be predicted by the
two methods. The largest difference appears in the first
and fourth flexible modes. The change in the tuned response
of these modes is due to the introduction of lagged downwash
on the stabilizer. In this example, the downwash reduces
the short period frequency and increases its damping.

2710 FT

A

A4

Fig. 9 Planform of supersonic airplane.
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Concluding Remarks

An analytical evaluation of unsteady aerodynamic forces
and dynamic response of a flexible airplane to continuous
turbulence in supersonic flight by applying the PSD method
has been made. From the foregoing discussions, the follow-
ing remarks may be summarized:

1) The aerodynamic influence coefficients for an airplane
with coplanar wings of arbitrary planform subjected to a
random vertical turbulence description can be readily com-
puted by the box technique.

2) The selection of the gust upwash reference coordinate
is arbitrary and only results in a shift of the reference phase
angle Qa.

3) For a conventional steady-state condition, in the limit
as the gust excitation frequency approaches zero, the total
excitation force becomes real and is close to the theoretical
value for a constant angle of attack.

4) As gust excitation frequency increases, the total gust
excitation force monotonically decreases both in magnitude
and phase angle, Figs. 6 and 7. However, when the gust
wavelength approaches 4 times the over-all wing chord
(streamwise length between the foremost leading-edge and
aftermost trailing-edge points on the wing), the rate of change
in both force magnitude and phase angle increases. Since
the gust wavelengths of interest are mostly in the monotonical
variation range, the method of interpolation for calculating
the gust excitation force can be used.

5) As gust excitation frequency becomes very large (gust
wavelength is less than over-all wing chord), the total excita-
tion force quickly decreages and vanishes in the limit. How-
ever, when the gust wavelength becomes less than four times
the box chord dimension, the box technique is invalid.

6) The aerodynamic coupling effect of the main wing on
the stabilizer should not be ignored. The extent of the effect

GUST FREQUENCY (CPS)

is a function of airplane geometry, flight Mach number, and
gust excitation frequency and is most noticeable on the re-
sponses of the airplane pitch and flexible body modes.
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